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Serre’s padic Eisenstein Series
Serre $P$ modular $P$ Eisenstein ,
Fourier ( ) $P$ L-
, Hilbert modular Eisenstein
, $p$ $\zeta-$ . $p$ Eisenstin
Serre – Siegel modular
. , “ ” modular
.
1 P Eisenstein
$\mathrm{r}^{(n)}:=\mathrm{s}\mathrm{p}n(\mathbb{Z})$ $n$ Siegel modular , $E_{k}^{(n)}$ $n$ weight
$k$ Eisenstein ( $k>n+1$).
$G_{k}^{(n)}:=- \frac{B_{k}}{2k}E_{k}^{(n)}$
. $B_{k}$ $k$ Bernoulli .




$p\equiv 1$ (mod 4) if $k_{i}$ even
$p\equiv 3$ (mod 4) if $k$ :odd.
$(k,p)$
$k_{m}:=k+ \frac{p-1}{2}p^{m-1}$
$\{k_{m}\}$ . $\{k_{m}\}$ Serre $p$ weight
$x:=_{\mathrm{k}^{\mathrm{m}}p^{m-1}}\mathbb{Z}/(p-1)\mathbb{Z}=\mathbb{Z}p\cross \mathbb{Z}/(p-1)\mathbb{Z}$
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( $\mathbb{Z}_{p}$ $P$ ) :
$k_{m} arrow k=(k,\frac{p+2k-1}{2})\in X$.
$\{k_{m}\}$ . Eisenstein $\{G_{k_{m}}^{(n)}\}$
$\mathbb{Q}[[q]T]=\mathbb{Q}[qij, q_{ij}^{-}]1[[q_{1}, \ldots , q_{n}]]$
$\lim_{marrow\infty}G_{k}^{(}n):=\overline{G}_{k}(n)\overline{c}m=((k^{\mapsto^{2}},+\underline{k-1})n)2$
, :
$\overline{G}_{(\frac{2}{2})}^{(n)}\underline{k-1}\frac{1}{2}L_{p}k,\alpha(=1-k;\omega^{k})+^{\mathrm{a}_{\frac{-1}{2}}}+1\leqq \mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}\tau^{\Lambda}0\leqq\tau\sum_{\leqq k}\overline{b}\in n_{2}(\tau)q^{\tau}$
,
$\overline{b}(T)$ $r:=$ rank $T\geqq 2$ even
$2^{\frac{\Gamma-2}{2}} \cdot\frac{L_{p}(1-k+\frac{r}{2’}\cdot\eta_{T_{1}}.\omega^{k+}\frac{-1-\mathrm{r}}{2})}{L_{p}(1-2k+r,\omega^{2k}-r)}.$ .
$l|(d \langle T_{1})/D(T\iota \mathrm{p}\Gamma \mathrm{i}\mathrm{m}\mathrm{e}\prod_{1))}g^{(r)}l(\tau 1;(\frac{l}{p})\iota^{k-\gamma)}$










$\bullet$ $L_{p}(s;x)$ : Kubota-Leopoldt $P$ L- .
$\bullet$ $\mathrm{A}_{n}$ : $n$ .
$\bullet$ $T_{1}arrow 0\leqq T\in\Lambda_{n}$ rank $r$ $T[U]={}^{t}UTU=$




$(-1)^{\frac{n}{2}}\det(2T)$ if $n$ is even
$\frac{1}{2}(-1)^{\frac{n-1}{2}}\det(2T)$ if $n$ is odd
.
$\bullet$ $\eta_{T}(*)$ $(^{\underline{d(T)}}*)$ induce .
$\bullet$ $D(T)=(-1)^{\frac{n}{2}}$ $\cross$ ( conductor).
$\bullet$ $\omega$ : the Teichm\"uller character.




“ ” modular .
1 . $n=1$
$\overline{G}_{()}^{(1)}ke_{\frac{+2k-1}{2})}=-\frac{B_{k,(\frac{*}{\mathrm{p}})}}{2k}+\sum_{t=10d|}^{\infty}\sum_{<t}(\frac{d}{p})dk-1q^{\tau}$
( $B_{k,(\frac{*}{p})}$ – Bernoulli ) ,
$\mathrm{r}_{0}^{(1)}(p)$
$( \frac{*}{p})$ weight $k$ modular :
$\tilde{G}_{(k}^{(1)},\frac{P+2k-1}{2})\in M_{k}(\Gamma_{0}^{(1)}(p),$ $(_{\overline{p}}^{*}))$ .
$p>3,$ $k=1$ ,
Serre $\sigma$) $\text{ }$
$\overline{G}_{(1}^{(1)},=\frac{1}{2}e\frac{+1}{2})h(-p)+\sum_{t=10<}\sum_{|t}\infty d(\frac{d}{p})q^{T}$
140
. $h(-p)$ 2 $\mathbb{Q}(\sqrt{-p})$ .
Serre remark .
$\{S_{1}, \ldots, S_{h(-p)}\}\subset \mathrm{S}\mathrm{y}\mathrm{m}_{2}(\mathbb{Q})$ $=-p$ 2 2
, $\mathbb{H}_{n}$ theta $\Theta_{S:}^{(n)}$ .
Serre
$\overline{G}_{(1^{L}}^{(1)},\underline{+1}2)=.\frac{1}{2}h(-p)+\sum_{=t1}^{\infty}\sum_{0<d|t}(\frac{d}{p})q=\frac{1}{2}\sum_{=i1}^{h}\Theta(ST(-p)1)$:
. genus theta .
2 . $k=1$ , $n$ .
$\overline{G}_{(1,2}^{(n)}=\epsilon\pm\underline{1})-\frac{1}{2}B_{1,(\frac{*}{p})}+$ $\sum$ $\sum$ $( \frac{d}{p})q^{T}+2$ $\sum$ $\sum$ $( \frac{d}{p})q^{T}$
$0\leqq T\in\Lambda_{n}(1)0<d|\epsilon(T)$
$D\mathrm{t}^{\tau_{1}})=0\leqq T\in\Lambda_{n,-p}^{(}2)0<d|\mathcal{E}(\tau)$
. $\Lambda_{n}^{(r)}$ rank $r$ $\Lambda_{n}$ , $\epsilon(T)$ $T$
.











. $\overline{G}^{(n)}$ “ ” modular ?




$(k, n)=(k, 1)$ $(1, n)$
.
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